Introduction {#Sec1}
============

In a classical optimisation setting, so-called *static optimisation*, the focus is usually directed to finding an optimal or a high quality solution as fast as possible. In real-world optimisation, problem specific data may change over time, thus previously good solutions can lose their quality and must be updated or replaced. Automatic optimal control is a typical illustration of these situations, e. g. parameters of a machine can be set optimally under ideal conditions of a factory but they need to be adapted to changes in the real environment upon deployment. *Dynamic optimisation* is an area of research that is concerned with such optimisation problems that change over time. A specific characteristic is that it does not only focus on locating an optimal solution but also on tracking a moving optimum (see \[[@CR7]\] for a definition).

It is often suggested that Evolutionary Algorithms (EAs), especially the ones with populations, are suitable for dynamic optimisation because a large population can contain different solutions which could be useful in the future \[[@CR22]\]. However, theoretical demonstrations for how populations in dynamic optimisation can be essential are sparse and restricted to special cases. The ability of a very simple EA without a population, the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA, to track a target bitstring in a [OneMax]{.smallcaps}-like function is analysed in \[[@CR4], [@CR20]\]. The analysis has recently been extended from bitstrings to larger alphabets \[[@CR11]\]. The influence of magnitude and frequency of changes on the efficiency of the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA in optimising a specifically designed function was investigated in \[[@CR19]\], showing that some dynamic optimisation problems become easier with higher frequency of change. The analysis of the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+\lambda )$$\end{document}$ EA that uses a larger offspring population but still not a real population on a simple lattice problem is presented in \[[@CR9]\]. The efficiencies of specific diversity mechanisms when using an actual population were compared in \[[@CR18]\]. This was done for a specific example function (introduced by \[[@CR19]\]) and considering low frequency of changes. It was shown in \[[@CR12]\] that a Min-Max Ant System (MMAS) can beat the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA in a deterministic dynamic environment. The comparison was later extended to general alphabets and to the $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mu +1)$$\end{document}$ EA that preserves genotype diversity \[[@CR15]\]. With that particular setting of the $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mu +1)$$\end{document}$ EA, the size of the alphabets defines a threshold on the parent population size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ so that the algorithm is able to track and reach the optimal solution in polynomial time. The result was also extended to the single-destination Shortest Path Problem \[[@CR14]\]. Comparisons were also made between EAs and Artificial Immune System (AIS) on a [OneMax]{.smallcaps}-like problem with the dynamic being periodic \[[@CR10]\].

Considering the existing analyses we can in summary note two shortcomings that leave the impression that important fundamental questions about dynamic optimisation are still not answered satisfactorily. One shortcoming is the concentration on simple evolutionary algorithms and other search heuristics that do not make use of an actual population. Clearly, the advantages of a population-based approach cannot be explored and explained this way. The other is that many studies consider very complex dynamic environments that make it hard to see the principal and fundamental issues. Therefore, the fundamental question why even a simple population without complicated diversity mechanisms can be helpful in dynamic environments requires more attention.

Motivated by the above facts, we will use a simple argument considering a very general class of dynamic functions to show that a population is essential to keep track of the optimal region. We define our function class on the most often used search space, bit strings of a fixed length. However, it is not difficult to extend the function class to be defined for any finite search space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$ and any *unary* mutation operator $\documentclass[12pt]{minimal}
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                \begin{document}$$p_\mathrm {mut} :\mathcal {X} \rightarrow \mathcal {X}$$\end{document}$. The class is called $\documentclass[12pt]{minimal}
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                \begin{document}$$(cn,\rho )$$\end{document}$ *-stable* on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$ with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$p_\mathrm {mut} $$\end{document}$, where *n* is the required number of bits to specify a search point of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$ and *c* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ are positive constants independent of *n*. The function class is only restricted by the probability of recovering the optimal region via the mutation operator $\documentclass[12pt]{minimal}
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                \begin{document}$$p_\mathrm {mut}$$\end{document}$ (see Definition [4](#FPar4){ref-type="sec"}). The definition of the function class does not refer explicitly to other function characteristics, such as the topology or the fitness values of the set of optimal solutions, or the distribution of fitness values of the set of non-optimal solutions.

We will use the *Moving Hamming Ball* function from \[[@CR2]\] as an illustrative example over the search space $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,1\}^{n}$$\end{document}$ and with respect to the bitwise mutation operator. We also use this specific function to argue that an approach based on a single individual, such as the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA, is inefficient in tracking the optimal region in spite of being equipped with the same mutation operator. On the other hand, we show that a population-based algorithm with a sufficiently large population can efficiently track the moving optimal region of any dynamic function of the class defined for any given finite search space.

The remainder of the paper is organised as follows. The next section first gives a formal description of dynamic optimisation and efficient tracking, then the class of dynamic functions that we consider is described with an example function. Next, we consider the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA and RLS on the function class and provide an analysis to serve as an example how search heuristics based on single solutions are not able to track the optimal solutions over time. The efficiency of population-based algorithms is then explained by proving a positive result about their performance. Here, we use the setting of non-elitist populations and show that, with a sufficient selective pressure, the ability of the population to track the moving optimal region is overwhelmingly high with respect to the population size. On the other hand, as a consequence of a fair comparison to a single-individual approach, the population must not be too big in order to capture the frequency of changes. Finally, we summarise, conclude and point out directions for future research.

The paper uses the following notation and terminology. For any positive integer *n*, define $\documentclass[12pt]{minimal}
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                \begin{document}$$[n]{:=}\{1,2,\ldots ,n\}$$\end{document}$. The natural logarithm is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\ln (\cdot )$$\end{document}$, and the logarithm to the base 2 is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\log (\cdot )$$\end{document}$. The Hamming distance is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {H}(\cdot ,\cdot )$$\end{document}$ and the Iverson bracket is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$[\cdot ]$$\end{document}$. We use $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbbm {1}_{A}$$\end{document}$ to denote the indicator function of a set *A*, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbbm {1}_{A}(x) = 1$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in A$$\end{document}$, and 0 otherwise. For a given bitstring $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in \{0,1\}^n$$\end{document}$, the Hamming ball around *x* with radius *r* is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {B}_r(x):=\{y \in \{0,1\}^n \mid \mathrm {H}(x,y) \le r\}$$\end{document}$. The bitstring containing *n* one-bits and no zero-bits is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$1^n$$\end{document}$. An event is said to occur with overwhelmingly high probability (w. o. p.) with respect to a parameter *n*, if the probability of the event is bounded from below by $\documentclass[12pt]{minimal}
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                \begin{document}$$1-e^{-\varOmega (n)}$$\end{document}$.

A General Class of Dynamic Functions {#Sec2}
====================================
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                \begin{document}$$(\kappa ,\rho )$$\end{document}$-stable dynamic functions which will be studied in this paper, we first formalise our notion of dynamic optimisation, and we define what we mean when saying that a dynamic search heuristic tracks a moving optimal region efficiently.

A Formal Description of Dynamic Optimisation {#Sec3}
--------------------------------------------

We focus on optimisation of pseudo-Boolean functions with discrete-time dynamics, as formalised below. Note that our formalisation can be generalised to any finite search space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$, e.g. replacing $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$, and our results for population-based algorithms also hold for this generalisation.

### Definition 1 {#FPar1}

A dynamic function *F* is a random sequence of functions $\documentclass[12pt]{minimal}
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                \begin{document}$$(f_t)_{t\in \mathbb {N}},$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$f_t:\{0,1\}^n\rightarrow \mathbb {R}$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$$t\in \mathbb {N}$$\end{document}$. The optimal regions associated with *F* is the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathrm {OPT}_{t})_{t\in \mathbb {N}}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {OPT}_{t}=\arg \max _x f_t(x)$$\end{document}$.

The perhaps simplest, non-trivial example of a dynamic function is a periodic function which deterministically alternates between two functions, say $\documentclass[12pt]{minimal}
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                \begin{document}$$g_2$$\end{document}$, such that $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{2i}=g_2$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$$i\in \mathbb {N}$$\end{document}$. We will consider more complex dynamic functions, where the sequence of functions is random and non-periodic. Although the sequence of functions in a dynamic function is random, each individual function is deterministic, i.e., we do not consider dynamic optimisation with noisy functions.

In this paper, we do not make any assumption about the changes of the function and the speed of the algorithm. It has been pointed out that it is important to consider the relationship between the speed of the execution platform where the algorithm runs and the speed of change of the function because this has significant influence on the performance \[[@CR10]\]. Almost all studies assume that the function cannot change within one generation of the algorithm. The only exception we are aware of is a paper by Branke and Wang \[[@CR1]\] who analyse a (1, 2) EA. We follow this idea but consider a much broader class of algorithms.

When applying a search heuristic to a dynamic function, we therefore have to consider two time lines: the first is associated with the evolution of the dynamic function, and the second is associated with the search points generated by the heuristic. Following the convention from black-box complexity \[[@CR6]\], we assume that the function evaluations are the most expensive operations, for sake of the analysis becoming the basic time steps of an algorithm. The time consumed by all other operations, such as sampling an individual or applying a mutation operator, is assumed to be negligible. We connect the two time-lines by assuming that every time the heuristic queries a search point, the time-line of the dynamic function increases by one. We allow dynamic search heuristics some flexibility in that search points can be queried not only with respect to the most recent function $\documentclass[12pt]{minimal}
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                \begin{document}$$f_t$$\end{document}$, but also with respect to past functions. For example, the individuals in a population can be evaluated with respect to one particular time. We also assume that the decisions made by the search heuristic does not influence the dynamic of the function. The dynamic optimisation-scenario we have described is summarised in the following definition.

### Definition 2 {#FPar2}

A dynamic search heuristic is an algorithm which given a search history $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( (x_j,i_j,f_{i_j}(x_j)\right) _{j\in [t-1]}$$\end{document}$ of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,1\}^n\times \mathbb {N}\times \mathbb {R}$$\end{document}$, selects a search point $\documentclass[12pt]{minimal}
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                \begin{document}$$x_t\in \{0,1\}^n$$\end{document}$ and an evaluation time $\documentclass[12pt]{minimal}
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                \begin{document}$$i_t\in [t]$$\end{document}$, and evaluates $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{i_t}(x_t)$$\end{document}$.

An element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_t, i_t, f_{i_t}(x_t))$$\end{document}$ in a search history describes the search point $\documentclass[12pt]{minimal}
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                \begin{document}$$x_t$$\end{document}$ queried by the algorithm in step *t*, the time point $\documentclass[12pt]{minimal}
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                \begin{document}$$i_t\le t$$\end{document}$ with which the search point is evaluated, and the corresponding function value $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{i_t}(x_t)$$\end{document}$. We can now formalise the notion of *efficient tracking* of optima.

### Definition 3 {#FPar3}

A search heuristic is said to *efficiently track the optima* of a dynamic function *F* if there exist $\documentclass[12pt]{minimal}
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                \begin{document}$$t_0,\ell \in {{\mathrm{poly}}}(n)$$\end{document}$ and constants $\documentclass[12pt]{minimal}
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                \begin{document}$$c,c^{\prime }>0$$\end{document}$ such that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \min _{t_0<t<e^{cn}}\Pr \left( \sum _{i=t}^{t+\ell }\mathbbm {1}_{\{x_i\in \mathrm {OPT}_{i}\}} \ge c^{\prime }\ell \right) \ge 1-e^{-\varOmega (n)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_t)_{t\ge 0}$$\end{document}$ is the sequence of search points queried by the heuristic, and $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathrm {OPT}_{t})_{t\ge 0}$$\end{document}$ is the sequence of optimal search points of function *F*.

Informally, Definition [3](#FPar3){ref-type="sec"} means that the algorithm queries optimal search points frequently. More precisely, within every sub-interval of length $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$ within the exponentially long time interval from $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{cn}$$\end{document}$, a constant fraction of the queried search points are optimal. Note that the optimality of a search point is defined with respect to the query time, and regardless of the function with which the algorithm evaluates the search point. The constraint $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \in {{\mathrm{poly}}}(n)$$\end{document}$ on the length of sub-intervals guarantees that the time between generation of two optimal search points is bounded from above by a polynomial. It is clear from the definition that an algorithm is inefficient if with a sufficiently high probability, e.g. at least constant, it loses track of the optimal region and does not recover it within a polynomial number of steps.

A Class of Stable Dynamic Functions {#Sec4}
-----------------------------------
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                \begin{document}$$(\kappa ,\rho )$$\end{document}$-stable dynamic functions with respect to a variation operator is defined as follows.

### Definition 4 {#FPar4}
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Example of a Stable Pseudo-Boolean Function {#Sec5}
-------------------------------------------

We consider the Moving Hamming Ball function as described in \[[@CR2]\]. The static version of the function has the following form.
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### Proof {#FPar8}
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It is not difficult to see that the stability condition of the function class still holds with the following relaxations:The fitness of the solutions inside the Hamming ball changes when the target string moves,The fitness of the solutions outside the current Hamming Ball can be distributed differently, as long as they are less than the current optimal fitness,The moving step $\documentclass[12pt]{minimal}
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                \begin{document}$$[\ell ]$$\end{document}$ in each change of the target bitstring.We will not consider these relaxations as they are not required to distinguish between the effectiveness of single-individual and population-based evolutionary algorithms.

Algorithms {#Sec6}
==========

We will compare the performance of population-based and single-individual based evolutionary algorithms. In this section we first define these classes of algorithms.

We are considering dynamic optimisation problems and, as mentioned in the introduction and discussed by Jansen and Zarges \[[@CR10]\], it is important to clarify how the algorithms deal with change of the fitness functions, in particular if this happens during one generation. In this paper, we consider algorithms that make use of consistent comparisons when applying on a dynamic function: when an algorithm has to make fitness comparisons on a set of solutions, it will first make a *static copy* of the dynamic function and evaluate the solutions on this copy. This approach corresponds to an implementation where the necessary data to evaluate the optimisation function is collected before evaluating a set of solutions. Meanwhile the real function may have changed more or less depending on the number of solutions in the set.

We first consider the single-individual approach described in Algorithm 1. The algorithm keeps a current search point *x*. In each iteration, it produces a new candidate solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^{\prime }$$\end{document}$, and compares it with the current search point using the same function. Hence, static copies of the dynamic function are made in every two time steps. This corresponds to a frequent update of the dynamic function. We let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_\mathrm {mut} $$\end{document}$ be the bitwise mutation operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_\mathrm {mut}^\mathrm {EA} $$\end{document}$ described in Sect. [2.3](#Sec5){ref-type="sec"}, and obtain the well-known $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1+1)$$\end{document}$ EA \[[@CR5]\]. However, the result can be easily generalised to other mutation operators, such as the single-bit flip operator used in the RLS algorithm.

We are mostly interested in the influence of the population size, designated by the parameter $\documentclass[12pt]{minimal}
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The algorithm maintains a population $\documentclass[12pt]{minimal}
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When selecting individuals, the algorithm must take into account that multiple changes to the fitness function can occur during one generation. Here, we assume that the algorithm makes a static copy of the fitness function $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ (which controls the frequency of change of the dynamic function), then the optimal region may change several times between two consecutive generations. Hence, the population size should not be too large. However, we will show in the next section that a sufficiently large population is also essential to keep the population within the optimal region.

The result for populations will be first shown for any finite search space and any mutation operator $\documentclass[12pt]{minimal}
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Although Algorithm 2 can use any selection mechanism $\documentclass[12pt]{minimal}
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Definition 8 {#FPar9}
------------

(\[[@CR13]\]). Given a fitness function $\documentclass[12pt]{minimal}
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Performance Analysis {#Sec7}
====================

In this section, we first show that single-individual approaches are inefficient in tracking moving optima on at least one example function of the class, precisely on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {MHB}^{r,\ell ,\theta }$$\end{document}$. Then we prove a general result that an appropriately parameterised population-based algorithms can efficiently track the moving optima of any function in the class.

Inefficiency of a Single Individual {#Sec8}
-----------------------------------

In this section, we will show that the $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell \ge 1$$\end{document}$. That is to say the algorithm is inefficient even in tracking such a stable function.

To prove such a result, we have to analyse the behaviour of the algorithm both inside and outside the moving Hamming ball: We assume that the algorithm starts at the center of the first optimal region and show that after some initial time, whenever the center of the ball moves, there is a constant probability that the $\documentclass[12pt]{minimal}
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We start with the first argument, the behaviour of the algorithm inside the Hamming ball. We notice that the changes induced by the dynamics of the fitness function strongly drag the target away from the current memorised search point, however this does not happen in every iteration. In every iteration, the changes by mutation drive the memorised solution away from the center of the current Hamming ball, but the elitist selection also keeps the memorised solution from falling outside. We have the following analysis of the drift.
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Efficiency of Non-elitist, Population-Based Algorithms {#Sec9}
------------------------------------------------------

Theorem [13](#FPar18){ref-type="sec"}, which is the main result in this section, gives conditions under which the non-elitist, population-based Algorithm 2 tracks the optimal regions of dynamic functions efficiently. We show that these conditions can be satisfied for the moving Hamming-balls function $\documentclass[12pt]{minimal}
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Condition 1 of the theorem requires that the optimal region of the function does not move too much relatively to the variation operator $\documentclass[12pt]{minimal}
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The central argument in the analysis is illustrated in Fig. [2](#Fig2){ref-type="fig"}. It follows from the stability-assumption that any search point in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {OPT}_{\tau \lambda }$$\end{document}$ can be mutated into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {OPT}_{\tau \lambda +i}$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in [\lambda ]$$\end{document}$ with probability at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$. Hence, if the algorithm selects a search point in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {OPT}_{\tau \lambda }$$\end{document}$ with probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta (\gamma _0)$$\end{document}$, then the offspring belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {OPT}_{\tau \lambda +i}$$\end{document}$ with probability at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta (\gamma _0)\rho \ge \gamma _0(1+\delta )$$\end{document}$. This argument is invoked in both of the two steps of the analysis.

### Lemma 14 {#FPar19}

Assume that conditions 1 and 2 of Theorem [13](#FPar18){ref-type="sec"} hold. Then for any $\documentclass[12pt]{minimal}
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### Lemma 15 {#FPar21}
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We are now in position to prove the main result of this section.

### Proof of Theorem 13 {#FPar23}
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### Proof {#FPar25}
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### Proof {#FPar27}
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Conclusion {#Sec10}
==========

This paper has considered the frequently stated intuition that evolutionary algorithms maintaining a *population* of diverse solutions can be more resilient to dynamic changes in the objective function than algorithms maintaining single solutions. We have described a general class of fitness functions where population-based evolutionary algorithms outperform single-individual evolutionary algorithms. We have proved that for this function class, single-individual approaches, such as the $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+1)$$\end{document}$ EA and RLS, have a constant risk of losing the optimal solution region at any given time. Moreover, these single-individual algorithms not only lose the optimal region with constant probability, but are also likely to drift away from the optimal region subsequently.

On the other hand, assuming a not too high frequency of change, we describe sufficient conditions such that a non-elitist population-based evolutionary algorithm will remain within the optimal region with overwhelmingly high probability. Our analysis covers a range of the most commonly used selection mechanisms, and we provide appropriate parameter settings for each of them. Furthermore, the success of the population-based evolutionary algorithm does not rely on an explicit diversity mechanism. Our analysis gives further explanations of how and why populations can be essential and widely used in dynamic optimisation.

As future work, we would like to investigate further the influence of population settings within this class of dynamic functions, such as elitist populations, the necessary condition for the population size with respect to the frequency and magnitude of changes and how a population could rebuild itself after losing a few optimal solutions.

Appendix {#Sec11}
========

Lemma 18 {#FPar28}
--------
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Lemma 19 {#FPar29}
--------

(Inequality (3) in \[[@CR21]\]).$$\documentclass[12pt]{minimal}
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